A quasispin tensor decomposition of the two-nucleon interaction determines the most general seniorityconserving rotationally invariant two-body interaction in a j shell. Such interactions define solvable and partially solvable shell model Hamiltonians for which the unitary symplectic algebra USp(2 jϩ1) provides a complete set of quantum numbers for a subset of states. The matrix elements of seniority-conserving interactions are deduced from the matrix elements of USp(2 jϩ1) operators. A new and powerful numerical technique is presented for computing irreps of the USp(2 jϩ1) algebra. Applications are reported for the lowenergy spectra of Nϭ50 and Nϭ126 isotones. The effects of including seniority nonconserving interactions are investigated.
I. INTRODUCTION
The objective of this paper is to explore the remarkable successes and simplifications that can be achieved in a model description of singly-closed shell nuclei with seniority conserving interactions restricted to a single j shell. For such interactions, many low-energy states are uniquely defined by seniority and angular momentum quantum numbers. Thus the model has a partial dynamical symmetry according to the definition of Alhassid and Leviatan ͓1͔. The seniority coupling scheme and the properties of seniority-conserving Hamiltonians are given in Talmi's book ͓2͔. In Sec. II we provide a brief summary of those parts of the theory needed for present purposes. Our approach makes extensive use of the duality relationship, observed by Helmers ͓3͔, between the classification of states by seniority and by quasispin. A preliminary account of part of the current study was presented in Ref. ͓4͔ .
When identical fermions occupy a single j shell, monopole pairing dominates the nucleon-nucleon interaction. The energy spectrum of a closed-shell-plus-two-proton ͑or twoneutron͒ nucleus, such as 92 Mo or 210 Po, in which the energy of the Jϭ0 ground state is substantially below the energies of the J 0 excited states, shows that monopole pairing is a major influence.
The quasispin algebra SU(2) S is a spectrum generating algebra for the monopole pairing interaction in the sense that this interaction is a polynomial in the elements of SU(2) S . In this case, the irreducible representations ͑irreps͒ of SU(2) S determine analytically the spectrum of the Hamiltonian. The SU(2) S irreps are labeled by a total quasispin quantum number Sϭ(⍀Ϫv)/2, where ⍀ϭ(2 jϩ1)/2 and v denotes the seniority ͑the number of unpaired nucleons͒ ͓2͔. Excitation energies of the monopole pairing quasispin model depend only on the total quasispin or equivalently the seniority. However, while the model explains some gross features of many singly-closed shell nuclei, it provides a poor description of the details.
The quasispin model can be improved by introducing interactions that split the degeneracies of same-seniority states but do not mix states of different seniority. Let ͉nvJM ͘ denote a basis for the space of n identical fermions in a j shell, where v is the seniority and is the multiplicity of the angular momentum JM . When the Hamiltonian Ĥ is rotationally invariant and seniority conserving, the angular momentum and seniority are good quantum numbers:
͑1͒
In the simple quasispin model the matrix E Ј (nvJ) is diagonal and independent of J.
As shown by Talmi ͓2͔, any seniority-conserving twobody interaction is the sum of a monopole pairing interaction and a quadratic operator in the compact unitary symplectic algebra, USp(2 jϩ1). The operators of USp(2 jϩ1) commute with the quasispin generators. In fact, USp(2 jϩ1) is the maximal subalgebra of U(2 jϩ1) having this property, where U(2 jϩ1) is the algebra of all hermitian one-body operators that act in a single j shell. As a result, USp(2 j ϩ1) serves to classify all the states of a single j-shell nucleus of a given seniority ͓5,3͔; indeed seniority is a label for a USp(2 jϩ1) irrep. Moreover, the representation theory of USp(2 jϩ1) provides an algebraic framework for diagonalizing any seniority conserving Hamiltonian.
The intimate relationship between the commuting USp(2 jϩ1) and SU(2) S algebras ͓3͔ is an example of a duality relationship ͓6,7͔. A familiar example of such a relationship ͑also known as complementarity in the physics literature ͓8͔͒ is the famous Schur-Weyl duality of the permutation group S p and the unitary group U͑m͒ when acting in the tensor product space of p copies of an m-dimensional vector space. A consequence of this duality is that the representations of the permutation and unitary groups intertwine and both are labeled uniquely by Young diagrams.
Duality within a j-shell implies similarly that the irreps of the quasispin algebra and the irreps of the unitary symplectic algebra are in one-to-one correspondence. The common label for the SU(2) S and USp(2 jϩ1) irreps is the seniority v. As an example, Table I Jϭ2, 4, 6 and M ϭϪJ, . . . , ϩJ, and, when vϭ4 , there are four equivalent sets of one-dimensional Sϭ0 irreps. The ''Ŝ 0 '' component of the quasispin algebra is related linearly to the number operator by Ŝ 0 ϭ(n Ϫ⍀)/2.
Within a single j shell, there are ⍀ linearly independent two-body rotationally invariant interactions. However, the number of interactions that mix seniority is much smaller for the values of j that occur in nuclear physics. In fact, it is known from the work of Racah in atomic spectroscopy ͓9͔ that when jр 7 2 every two-body rotational-scalar interaction conserves seniority. This is clear from Table I which shows that states of a given nv and JM are multiplicity free for a jϭ7/2 shell configuration. The conditions that the matrix elements of a general interaction must satisfy to conserve seniority have been given by Talmi ͓2͔. These conditions were rediscovered in Ref. ͓4͔ and used to construct linearlyindependent combinations of the ⍀ interactions such that all but one conserve seniority for 9 2 р jр 13 2 ; all but two conserve seniority for 15 2 р jр 19 2 . The explicit number of quasispin scalar interactions and the number of seniority-mixing interactions for any j shell is given in Sec. III in confirmation of a result inferred previously by Talmi ͓2͔ from a criterion of de-Shalit and Talmi ͓10͔ and a number-of-states identity derived by Ginocchio and Haxton ͓11͔. Calculating the matrix elements of rotationally invariant two-body operators in the USp(2 jϩ1) algebra is a nontrivial task because the angular momentum algebra SU(2) J is not embedded canonically in USp(2 jϩ1). Fractional parentage coefficients, when they are known, provide a tool for calculating such states and matrix elements. However, to calculate fractional parentage coefficients is to compute the matrix elements of an even larger fermion-pair algebra. As shown in Sec. IV, a recursive method of defining states of good angular momentum by stepping down from a highest weight state provides analytical results for a few high angular momentum states. But this method is also too complicated for more than a few steps and for large values of j. We present a simpler and more direct method for matrix element computation that can be used for low-dimensional irreps of any Lie algebra. Our technique is particularly useful when the rank of the algebra makes standard methods intractable.
The method is based on the observation that the USp(2 j ϩ1) commutation relations define an overdetermined system of nonlinear equations for the unknown matrix elements. The fundamental theorem of highest weight representations guarantees that a solution to this system exists. In spite of the fact that the number of equations and the number of unknowns are large, we are able to solve the equations for all matrix elements of a USp(2 jϩ1) operator basis up to and including the jϭ 11 2 shell on a small notebook computer. These matrix elements are then used to compute the eigenvalues of the most general seniority-conserving interaction.
In Sec. V, the theory of seniority-conserving interactions is applied to the isotones Ra regarded as singly-closed proton shell nuclei with their extra-core neutrons in a jϭ9/2 shell. The predicted energies of excited states are an order of magnitude better than those of the monopole pairing model. In particular, the vϭ4 states of angular momentum JϭJ max and JϭJ max Ϫ2 are observed experimentally and their measured energies are described rather well with a seniority-conserving Hamiltonian. The states of angular momentum J max and J max Ϫ2 are always multiplicity-free in a USp(2 jϩ1) irrep and analytic formulas are reported for their energies.
A model may be solvable, for example, because its eigenstates are identified completely by the quantum numbers of a subgroup chain. Likewise a model may be partially solvable because a set of quantum numbers defines uniquely a subset of multiplicity-free states ͓12͔. Models described by Leviatan ͓1͔ as having a partial dynamical symmetry are of the second type. Such a partial dynamical symmetry is anticipated in the seniority-conserving models when there is no angular momentum multiplicity so that the energy matrix E(nvJ)ϭE Ј (nvJ) of Eq. ͑1͒ is one dimensional. However, the energies of multiplicity-free states have not been calculated analytically until now. We find analytical expressions for the energies of some multiplicity-free states in the seniority-conserving model.
The effect of seniority-mixing interactions is investigated in Sec. VI. When the seniority conservation assumption is relaxed, the interaction becomes quadratic in the U(2 jϩ1) algebra of all hermitian one-body operators in a j shell ͓rather than its subalgebra USp(2 jϩ1)]. The most general seniority-mixing interaction is determined using the theory of Sec. III and its matrix elements are derived using the numerical technique of Sec. IV B extended to U(2 jϩ1). The effect of seniority-mixing on the energy spectra of the isotones studied in Sec. V is found to be small, thereby confirming that seniority-conservation is a good approximation for these nuclei.
II. FERMION LIE ALGEBRAS
This section gives definitions of the fermion Lie algebras relevant to a j shell and the duality relationships between their irreducible unitary representations. It also provides highest weight data and branching rules for these representations.
A. Basic definitions
For a single j shell, let a jm † and its Hermitian adjoint a jm denote the creation and annihilation operators for a single nucleon ͑e.g., neutron͒ that satisfy the fermion anticommutation relations ͕a jm ,a jn † ͖ϭ␦ mn .
͑2͒
The one-body operators
span a Lie algebra U(2 jϩ1) of the unitary group. The angular momentum Ĵ M is a one-body vector operator,
The creation and annihilation operators for time-reversed orbitals are assumed to be given by
The creation operator a jm † and the destruction operator a jm ϵa jm are the m components of spherical tensor operators ͑note the subscripts to indicate tensors͒.
Given any two spherical tensor operators, X j 1 and Ŷ j 2 , define the coupled tensor operator
This right-to-left coupling convention yields the WignerEckart theorem with the usual sequence of M values, i.e.,
͑7͒
and the intermediate state sum formula
where ͓J͔ϭͱ2Jϩ1 and W(•••) is a Racah coefficient. A coupled commutator of two spherical tensors is then defined by
B. The fermion pair algebra and its subalgebras
The fermion pair algebra for a single j shell is spanned by the pair creation and annihilation operators
for even Lр2 jϪ1, and the number conserving operators
͑12͒
for all Lр2 j. These operators obey the commutation relations
where ͓L͔ϵͱ2Lϩ1. This algebra is the Lie algebra O(4 j ϩ2) of a group of orthogonal transformations of a (4 jϩ2)-dimensional vector space of operators spanned by the fermion creation and annihilation operators. The fermion pair algebra has several subalgebras of use for classifying states of a single j shell. In particular, the subset of all number conserving operators ͕Ĉ LM ͖ span a U(2 jϩ1) algebra and the subset of Lϭ0 operators ͕Â 0 ,B 0 ,Ĉ 0 ͖ span the so-called quasispin algebra SU(2) S .
Equivalently, SU(2) S is spanned by the quasispin operators
which satisfy the usual SU(2) commutation relations
The U(2 jϩ1) subalgebra is useful because all the states of a given nucleon number belong to a single U(2 jϩ1) irrep. The quasispin algebra is useful because it is a spectrum generating algebra for the standard monopole pairing interaction
C. Dual pairs of subalgebras of O"4j¿2…
As subalgebras of O(4 jϩ2), the elements of U(2 jϩ1), and SU(2) S do not commute with one another. Thus, it is useful to consider mutually commuting pairs of subalgebras of O(4 jϩ2). There are two such pairs and their representations have valuable duality relations as discovered by Helmers ͓3͔.
Two subalgebras g 1 and g 2 of a Lie algebra g are said to be dual within a representation of g if g 1 and g 2 are mutual centralizers in g and if each set of equivalent irreps of g 1 together comprise an irrep of the direct sum algebra g 1 g 2 ʚg and vice versa ͓6,7͔. In less technical terms, this means ͑i͒ that g 1 is the maximal subalgebra of all elements of g that commute with all elements of g 2 and vice versa, and ͑ii͒ that every irrep of g 1 is associated uniquely with a single irrep of g 2 ,and vice versa, as illustrated in the introduction.
Not every subalgebra of O(4 jϩ2) has a dual. However, the two important subalgebras U(2 jϩ1) and SU(2) S do. The dual of U(2 jϩ1) is the subalgebra U(1) S of SU(2) S spanned by the operator Ŝ 0 and the dual of SU(2) S is the USp(2 jϩ1) algebra spanned by the operators ͕Ĉ LM ;Lodd͖.
The algebra U(2 jϩ1) is the maximal subalgebra of number conserving operators in O(4 jϩ2). Conversely, any operator in O(4 jϩ2) that commutes with all the operators of U(2 jϩ1) is proportional to Ŝ 0 . More importantly, the U(2 jϩ1)ϳU(1) S duality requires that all states of a U(2 j ϩ1) irrep occurring within the totally antisymmetric space of identical nucleons in a single j shell are eigenstates with a common eigenvalue of Ŝ 0 . This is understood by writing
where n is the number operator. The U(2 jϩ1)ϳU(1) S duality then follows from the fact that all totally antisymmetric n particle states in a single j shell span a U(2 jϩ1) irrep. The USp(2 jϩ1)ϳSU(2) S duality can be inferred from the fact that these two commuting algebras have a complete set of unique extremal ͑highest and lowest weight͒ states in common. For example, the state ͉n,HW͘, constructed by putting a nucleon in each of the orbitals with mϭ j, j Ϫ1, . . . , jϩ1Ϫn, is a USp(2 jϩ1) highest weight state and, being annihilated by Ŝ Ϫ , it is simultaneously an SU(2) S lowest weight state,. Such an n-particle state contain no zerocoupled pairs and is said to have seniority vϭn and quasispin Sϭ͑⍀Ϫv ͒/2. ͑18͒
It follows that these states simultaneously define related irreps of USp(2 jϩ1) and SU(2) S . As shown by Helmers ͓3͔ in a more general context, USp(2 jϩ1)ϳSU(2) S duality can also be inferred from a linear relationship between the Casimir invariants of these two algebras. The Casimir invariant of USp(2 jϩ1) is
It is known from Lie algebra structure theory ͓13͔ that all states of a USp(2 jϩ1) irrep with highest weight ( f 1 , f 2 , . . . , f jϩ1/2 ) are eigenstates of the Casimir operator with eigenvalues
The irreps of seniority v for a nucleon of a single type in a j shell have highest weights with f r ϭ1 for rрv and f r ϭ0 for rϾv. Thus, in terms of seniority
and, in terms of quasispin,
The USp(2 jϩ1)ϳSU(2) S duality implies that the set of all v-nucleon states ͉vJM ͘ that are annihilated by the quasispin lowering operator, i.e., Ŝ Ϫ ͉vJM ͘ϭ0, span a USp(2 jϩ1) irrep. Moreover, the set of all n-nucleon states
͉vJM ͘ obtained by adding (n Ϫv)/2 zero-spin pairs to v-particle quasispin vacuum states span an equivalent USp(2 jϩ1) irrep.
Basis states ͕͉nvJM͖͘ for a nucleus of n neutrons ͑or n protons͒ in a single j shell are classified by the quantum numbers of the subalgebra chain
where is multiplicity index and SU(2) J is the algebra spanned by the angular momentum operators
It follows from the above noted U(2 jϩ1)ϳU(1) S and USp(2 jϩ1)ϳSU(2) S dualities that the same basis states are also labeled equivalently by the subalgebra chain
with Sϭ 1 2 (⍀Ϫv) and S 0 ϭ 1 2 (nϪ⍀), where the multiplicity index is now interpreted as labeling the multiplicity of SU(2) S ϫSU(2) J irreps that occur.
With basis states ͕͉nvJM͖͘ symmetry adapted to both the subalgebra chains ͑23͒ and ͑25͒, it is possible to exploit the tensorial properties of operators with respect to the algebras of either chain to facilitate calculations. For example, the SU(2) S SU(2) J algebra can be used to classify simultaneously the second quantized operators of a j shell as quasispin and angular momentum tensors ͓14͔.
The fermion operators transform into one another as components of a quasispin Sϭ 1 2 tensor;
For even J and fixed M, the three pair operators ͕Â JM ,Ĉ JM ,B JM ͖, are the (1,0,Ϫ1) components of a quasispin Sϭ1 tensor and the operators ͕Ĉ JM ;Jodd͖ of the USp(2 jϩ1) algebra are quasispin scalars ͓15͔.
D. U"2j¿1…¤USp"2j¿1… highest weight states
The state ͉n,HW͘ϭ͉n,vϭn,J max ,MϭJ max ͘ constructed by putting a nucleon in each of the orbitals with mϭ j, j Ϫ1, . . . , jϩ1Ϫn is a state of U(2 jϩ1), O(4 jϩ2), and SU(2) J highest weight, having maximum angular momentum J max ϭn(2jϩ1Ϫn)/2. It is a totally antisymmetric and multiplicity-free state with U(2 jϩ1) weight ͕1 n ͖, defined by specifying the nonzero occupation factors ͑in this case 1 or 0͒ of each orbital in the mϭ j, jϪ1, . . . ,ϩ j sequence.
Other n-particle O(4 jϩ2) highest weight states of vрn are given, to within norm factors, by
͉v,HW͘. ͑27͒
In calculating matrix elements of operators in the U(2 j ϩ1) and O(4 jϩ2) Lie algebras, it is useful to start with the expectation values of these operators in the highest weight states.
The expectation of the operator Ĉ L0 in a U(2 jϩ1) highest weight state is
͑28͒
where
The sum in Eq. ͑28͒ can be carried out explicitly and gives, for example, the following reduced matrix elements of the USp(2 jϩ1) operators, which commute with the quasispin operators: 
Ϫ996nϩ240͒, ͑32͒
where xϭ2 j.
E. Branching rules
The space of n identical fermions in a j shell is of dimension (2 jϩ1)!/͓n!(2 jϩ1Ϫn)!͔. It is the carrier space for the totally antisymmetric irrep ͕1 n ͖ of the unitary algebra
The highest weight state of U(2 jϩ1) in the n-fermion space is also a highest weight state for an irrep of the symplectic subalgebra USp(2 jϩ1). The latter is labeled by the seniority quantum number vϭn, and its dimension is
The entire U(2 jϩ1) antisymmetric irrep space for n identical fermions decomposes into irreps of USp(2 jϩ1) with seniorities vϭn,nϪ2, . . . 0 or 1. The angular momentum branching rules for a USp(2 j ϩ1) irrep were given by Flowers ͓5͔ and Hamermesh ͓16͔ for jр7/2. For jϭ9/2 and jϭ11/2, Tables II and III provide the SU(2) J ʚUSp(2 jϩ1)ʚSU(2 jϩ1) branching rules. These decompositions were deduced using the ''m scheme'' and confirmed by a branching rule code ͓17͔. For example, when nϭ2 identical fermions are in the jϭ9/2 shell, the space decomposes into a seniority vϭ2 subspace with J ϭ2,4,6,8 and a seniority vϭ0 subspace with Jϭ0.
III. SENIORITY-CONSERVING FORCES
A two-body interaction ͑assumed generally to be number conserving and rotationally invariant͒, acting within a ( j) n configuration space, has the standard expansion
where ͓J͔ϭͱ2Jϩ1: the sum is over even angular momentum Jϭ0,2, . . . ,2 jϪ1, and V J is the M-independent twonucleon matrix element
The conditions that V must satisfy to conserve seniority can be derived by expressing the basis (Â J B J ) 0 of two-body rotational scalars as a sum of quasispin tensors. The operators
are components of quasispin tensor operators X S (J) of rank S. The operators X S (J) are constructed by coupling of the quasispin vector operator ͕Â JM ,Ĉ JM ,B JM ͖ with itself.
For compactness of notation, denote the basic two-body scalar operators by the symbols
The explicit relationship between the Ẑ J and X 0 S (J) operators is found by normal ordering the right hand side of Eq. ͑36͒ with the help of the identities
and J, ␥ run over the even integers from 0 to (2 jϪ1). The Sϭ1 operators X 0 1 (J) are seen to be proportional to one another and related linearly to the number operator,
It follows that, to within constants and terms linear in the number operator, the scalar and tensor quasispin operators are related to the Ẑ J operators by
where M ⍀ is the linear transformation for which
and Î is the identity operator; ÎẐ J ϭẐ J . 
and, because W 0 and W 2 have no nonzero vectors in common, k must be equal to Ϫ1 or 2. It also follows that W is the direct sum of W 0 and W 2 and that
Thus, P 0 2 ϭ P 0 and P 2 2 ϭ P 2 and P 0 :W→W 0 and P 2 :W →W 2 are projection operators.
Let p Ϫ1 ϭdimW 0 and p 2 ϭdimW 2 denote the dimensions of the eigenspaces of M ⍀ belonging to the eigenvalues Ϫ1 and 2, respectively. We now give an explicit expression for p 2 and thereby obtain by our new methods a result given previously by Talmi ͓2͔ based on results of de-Shalit and Talmi ͓10͔ and Ginocchio and Haxton ͓11͔.
Proposition 2 (Talmi) . The number of independent rotationally invariant two-body interactions that mix seniority in a ( j) n configuration space is equal to ͓(2 jϪ3)/6͔, where ͓x͔ denotes the largest integer less than or equal to x.
Proof. As a result of the duality relationship between USp(2 jϩ1) and SU(2) S , any two-body interaction that conserves quasispin also conserves seniority. Thus, the set of seniority conserving interactions includes all quasiscalar operators ͑elements of W 0 ) and the monopole pairing interaction ϪGŜ ϩ Ŝ Ϫ proportional to X 0 2 (0)W 2 . The number of independent two-body interactions that mix seniority is therefore p 2 Ϫ1 and, from the first proposition, p 2 is given by
6 ͬ .
͑51͒
Note that in the last line of Eq. ͑51͒ we have used a sum rule for the Racah coefficient that was conjectured and confirmed, using Maple with exact arithmetic, for all jϽ260.
In Table IV the numbers of two-body interactions that conserve and break seniority in a ( j) n configuration space are listed. Thus, for a ( j) n configuration space, seniority is a good quantum number for a wide range of interactions. For example, in the jϭ13/2 shell, there are seven linearly independent two-body interactions, but only one of the seven mixes seniority. Proposition 2 implies that a two-body interaction must satisfy p 2 Ϫ1 constraint conditions in order for it to conserve seniority.
Using the results of Proposition 1, we can now derive explicit conditions that an interaction
must satisfy to conserve seniority. To be a quasiscalar, V must lie in the subspace W 0 ʕW; hence, by Proposition 1, it must satisfy the equation (M ⍀ ϩÎ)V ϭ0 so that its projection P 2 V onto W 2 should vanish. However, as observed above, the monopole pairing operator, proportional to Ẑ 0 also conserves seniority. Thus, to conserve seniority, it is sufficient that the projection P 2 V of V onto the subspace W 2 ʚW should be proportional to the component
In other words, V should satisfy the equation
for some . The coefficients V J of the interaction, should then satisfy the equations
for all even values of J and some value of . The value of , determined for a given interaction from the Jϭ0 equation, is Eliminating from the Jу2 equations and making use of the identity ͓2͔
then leads to Talmi's theorem ͓2͔ Theorem 1 (Talmi) . A necessary and sufficient set of conditions for the V J coefficients of a two-body interaction to conserve seniority are that
for all ͑even͒ values of Jу2, where
From Proposition 2, it now follows that among the set of (2 jϪ1 The duality relationship between the USp(2 jϩ1) and SU(2) S quasispin algebras implies that any two-body interaction that conserves seniority is a quadratic in the elements of the USp(2 jϩ1) and U(2) S algebras. This result follows directly from Burnside's theorem ͓18͔ which states that: Any linear operator on the Hilbert space H 0 for an irreducible representation T of a Lie algebra g is an element of the associative algebra of linear operators on H 0 generated by the operators ͕T(X);Xg͖.
In other words, if the elements ͕X i ͖ of a basis for g have an irreducible representation as linear operators ͕X i ͖ on a Hilbert space H 0 , then any linear operator H, such as a Hamiltonian, which leaves H 0 invariant is expressible in the form
where c 0 , c i , c i j , etc., are complex coefficients. Thus, we obtain the theorem: Theorem 2 (Talmi) . Any rotationally invariant numberconserving hermitian Hamiltonian with seniority-conserving two-body interactions acting within a single j shell can be expressed in the form
The classification of states ͕͉nvJM͖͘ by the subalgebra chain ͑23͒ also implies that a two-body interaction that conserves seniority should be of the form of V 0 plus a term quadratic in the number operator. The latter result is consistent with Talmi's theorem because, to within terms quadratic in the number operator, the operator Ŝ ϩ Ŝ Ϫ is the SU(2) S Casimir invariant which, by the duality relationship ͑22͒, is linearly related to the USp(2 jϩ1) Casimir invariant ͑19͒ which, in turn, is of the form required for V 0 . Given the form of any seniority-conserving interaction ͑Theorem 2͒ and the number of independent quasispin scalars two-body interactions ͑Proposition 2͒, it is possible to construct a basis of seniority conserving interactions explicitly. The number p Ϫ1 of linearly-independent quasispin scalars for jϭ 7 2 and jϭ 9 2 is equal to three. Two of these scalars are Ĉ 2 ͓USp(2 jϩ1)͔ and Ĵ •Ĵ . A convenient choice for the third scalar is ͓Ĉ 3 Ĉ 3 ͔ 0 . For jϭ 11 2 , the seniorityconserving interaction consists of four operators. The fourth operator can be ͓Ĉ 5 Ĉ 5 ͔ 0 , for example. For jϭ 13 2 and j ϭ 15 2 , the seniority-conserving interaction consists of five operators, and so on. The seniority conserving Hamiltonian ͑63͒ for jϭ9/2, for example, can then be expressed as
where H 0 depends only on the particle number and Ẑ ϭϪ(Ĉ 3 Ĉ 3 ) 0 /ͱ7. The energies of this Hamiltonian are then
where Z vJ is an eigenvalue of Ẑ . The excitation energies are independent of n.
IV. MATRIX ELEMENTS OF LIE ALGEBRAS
This section presents a method for computing reduced matrix elements of the ͕Ĉ L ;Lodd͖ operators in the USp(2 j ϩ1) Lie algebra. The desired matrix elements are shown to be solutions of a sequence of equations. The early equations in the set involve a small number of unknown matrix elements and some of these equations can be solved analytically for the unknowns. Subsequent sets of equations involve more unknowns and it rapidly becomes impractical ͑even impossible, in general͒ to solve all of them analytically. It is nevertheless possible, as we show, to solve them numerically. Once these matrix elements are determined, the matrix elements of quasispin scalar operators (Ĉ L Ĉ L ) 0 , which are possible two-body interaction terms of a general seniorityconserving Hamiltonian, are easily inferred. Analytic formulas are reported for some of the energy eigenvalues of quasispin scalar Hamiltonians. An eigenstate of a seniorityconserving interaction that has an analytic expression for its energy is said to possess a USp(2 jϩ1) partial dynamical symmetry according to Leviatan's definition ͓1͔.
Let ͉vJM ͘ denote an orthonormal basis for the irreducible representation of USp(2 jϩ1) in a j shell with seniority v, where is the multiplicity index for the states with total angular momentum J and z-component M. The branching rules of Sec. II E determine the range of quantum numbers in this basis. The problem is to find the reduced matrix elements of the unitary symplectic algebra generators, ͗vЈJЈʈĈ L ʈvJ͘ for odd L. These matrix elements are solutions to the equations
where ϭ(Ϫ1) L 1 ϩL 2 ϪL , derived from the commutation relations ͑13͒. For a unitary representation, the Ĉ L operators must also satisfy a hermiticity condition,
A. Recursion formulas
Expectation values of the USp(2 jϩ1) operators with respect to the irrep's highest weight vector are known, see Eq. ͑28͒. Starting with these values, matrix elements with respect to other basis states can be calculated sequentially. Consider, for example, the special cases of Eq. ͑66͒ with Lϭ1,3, L 1 ϭL 2 ϭ3, and ͉vЈJЈ͘ϭ͉vJ͘ϭ͉v,HW͘. Angular momentum coupling rules and the irrep branching rules limit the intermediate state sums in Eq. ͑66͒ for these cases to just two terms. Matrix elements of the Lϭ1 operators Ĉ 1 , being proportional to angular momentum operators are already known. By applying the highest weight data ͑30͒ and the hermiticity condition ͑67͒, the following solutions for the other unknown matrix elements are found:
where xϭ2 j and ͉vJ͘ϭ͉v,HW͘ denotes the multiplicity free state of JϭJ max . We take the real positive square root for these two reduced matrix elements as our phase choice. Similarly, for the Lϭ3,5 special cases with L 1 ϭ3, L 2 ϭ5 , we obtain the solution
again with JϭJ max and xϭ2 j. More reduced matrix elements can be evaluated by stepping down from the highest weight state. For example, putting L 1 ϭL 2 ϭ3, and Lϭ1,3,5 into Eq. ͑66͒ with ͉vЈJЈ͘ϭ͉v(J max Ϫ2)͘ and ͉vJ͘ϭ͉vJ max ͘ yields three equations for three unknown matrix elements with the solution When the dimensions of a USp(2 jϩ1) irrep are large, and especially when there are multiple basis states of the same angular momentum, the above analytical solution of all the equations becomes prohibitively difficult and ultimately impossible. The equations can nevertheless be solved numerically for quite large irreps.
Let X denote a column vector whose entries are the unknown reduced matrix elements of the USp(2 jϩ1) operators. Thus, X excludes any known or already determined matrix elements. Moreover, X includes only one of each pair of unknown matrix elements, ͗vЈJЈʈĈ L ʈvJ͘ and ͗vJʈĈ L ʈvЈJЈ͘, since these are not independent for a unitary representation.
The commutation relations ͑66͒ determine a set of equations for X. The number of independent equations grows rapidly with the seniority v and the shell's dimension (2 j ϩ1). For two particles in the jϭ11/2 shell, there are 47 unknown reduced matrix elements that satisfy 1275 distinct equations. For four particles in the jϭ9/2 ( jϭ11/2) shell there are 243 ͑1281͒ unknown reduced matrix elements that satisfy 4550 ͑32,130͒ distinct equations.
Each equation that the unknown matrix elements satisfy can be expressed in the form f ␣ (X)ϭ0, where ␣ indexes the set of distinct equations. All the equations will be satisfied simultaneously when F(X)ϭ ͚ ␣ ͓ f ␣ (X)͔ 2 is zero. A solution to F(X)ϭ0 also minimizes the nonnegative function F(X) and, hence, the derivative ٌF(X) vanishes at a solution X. To find the relative minima of F(X), the method of steepest descent is used in our calculations. Suppose X 0 is an initial guess for X. The linearization of F(X) about X 0 gives a first approximation X 1 for X by
The zero of the linearized function, and, therefore, the approximation to the zero of the function is
with ⑀ϭϪF(X 0 )/ٌ͉F(X 0 )͉ 2 . If F(X 1 ) were to vanish, then a solution is found. Otherwise, X 1 is used as the next ͑and one hopes better͒ guess for the starting point of the method of steepest descent. By iterating the steepest descent algorithm, a sequence of points X 0 ,X 1 ,X 2 , . . . is computed that, in favorable cases, converges to a relative minimum of the function F.
In shells with jр11/2 and all possible particle numbers n, computer calculations using the method of steepest descent converged after about 100 iterations to an approximate solution, F(X)Ͻ10
Ϫ22
. Without exception, the steepest descent method converged to a global minium and a true solution to the commutation relations.
Convergence to a relative minimum is expected when using the steepest descent method. But convergence to a global minimum is unusual. The inference is that the function F(X) is very special; in a large neighborhood containing the global minimum, F has no relative minimum besides the global one.
It is worth noting that, if the dimension of X and the number of equations are not excessive, then it is possible to solve for all the unknown matrix elements simultaneously. More generally, it is possible to proceed sequentially, as described in the previous subsection, to obtain solutions for subsets of of matrix elements in which the number of unknown matrix elements at each step is kept much below the total number of unknowns.
C. Analytic formulas redux
The reduced matrix elements of USp(2 jϩ1) operators are frequently the square roots of rational numbers, cf. Sec. IV A. This favorable situation for a matrix element occurs routinely when the angular momentum is multiplicity free for both the bra and ket vectors. The quantum system is then said to exhibit a partial dynamical symmetry ͑PDS͒ among the multiplicity free state vectors.
Using double precision arithmetic in Fortran, the square of a reduced matrix element can be expressed as a rational number with an error that is less than 10
Ϫ15
. By calculating these rational numbers among a number of PDS states, patterns can be recognized that suggest analytic formulas ͓20͔.
For example, when jр21/2 and for seniority vϭ2, the difference between the numerically-calculated matrix elements of the scalar operator Ẑ ϭϪ͓Ĉ 3 ϫC 3 ͔ 0 /ͱ7 and the following formula is less than 10
where xϭ2 j, and the angular momentum JϭxϪ1,x Ϫ3, . . . ,2.
V. APPLICATIONS
We apply the seniority-conserving model to the low lying energy levels of the Nϭ50 isotones, 92 Mo, 94 Ru, and 96 Pd, considered as systems of a closed neutron shell plus active protons in the g 9/2 shell. The experimental energies of the J ϭ2,4,8 yrast levels determine the three parameters (a,b,c) of the Hamiltonian ͑64͒. Equation ͑65͒ then predicts the energy of the Jϭ6 state. Equivalently, one could say that, for a seniority-conserving interaction, Eq. ͑59͒ gives directly the energy of the Jϭ6 state in terms of the experimental energies of the Jϭ2,4,8 states. Ra. These nuclei have an active proton g 9/2 shell, and Eq. ͑65͒ determines the energies of their excited states when the interaction conserves seniority. Table IX compares the predicted USp(10) energy and the experimental energy of the Jϭ6 state when the Hamiltonian parameters are fixed by the ex- model space should be augmented with other j shells plus neutron and proton core-excited basis states.
VII. CONCLUSION
The partially-solvable USp(2 jϩ1) model poses an interesting group theoretical problem because, although its irreps have many states that are labeled uniquely by good quantum numbers, analytical expressions are available for only a restricted subset of the corresponding energy eigenvalues. The possibility of deriving the energies E(nvJ) of general multiplicity-free states by some, as yet undiscovered, algebraic method is a significant challenge. However, for the USp(2 jϩ1) states that are observed experimentally as of this writing, we have reported formulas for their energy eigenvalues.
The numerical technique of this paper to calculate matrix elements of a Lie algebra irrep may be useful for other Lie algebras. For the classical Lie algebras, the matrix elements are well known in bases that are adapted to canonical chains. However, more sophisticated methods are needed when the matrices are required in bases that do not correspond to a canonical chain. Vector coherent state methods ͓19͔ provide algorithms for handling many such cases. But, as they stand, they are not capable of handling the irreps of high rank algebras such as the USp(2 jϩ1) and U(2 jϩ1) algebras we have considered. We plan to apply our numerical method to other Lie algebraic problems in the future.
